Abstract. This article describes the geometry of isomorphisms between complements of geometrically irreducible curves in the affine plane A 2 , over an arbitrary field, which do not extend to an automorphism of A 2 . We show that these isomorphisms are quite exceptional. In particular, they occur only when both curves are isomorphic to open subsets of the affine line A 1 . Moreover, the isomorphism is uniquely determined by one of the curves, up to post-composition by an automorphism of A 2 , except in the case where the curve is isomorphic to the affine line A 1 or to the punctured line A 1 \{0}. Finally, we prove that when one curve is isomorphic to a line, then both curves are equivalent to lines and that when one curve is isomorphic to A 1 \ {0}, then both curves are isomorphic to A 1 \ {0}. In addition we provide arbitrarily many non-equivalent embeddings of the punctured line (even infinitely many in characteristic 0) with isomorphic complements.
In the Bourbaki Seminar Challenging problems on affine n-space [Kra96] , Hanspeter Kraft gives a list of eight basic problems related to the affine n-spaces. The sixth one is the following:
Complement Problem. Given two irreducible hypersurfaces E, F ⊂ A n and an isomorphism of their complements, does it follow that E and F are isomorphic? Recently, Pierre-Marie Poloni gave a negative answer to the problem for any n ≥ 3 [Pol16] . The construction is given by explicit formulas. There are examples where both E and F are smooth, and examples where E is singular, but F is smooth. This article deals with the case of dimension n = 2. As we explain now (Theorem 1 below), the situation is much more rigid than in dimension n ≥ 3.
We recall that two curves C, D ⊂ A 2 are equivalent if there is an automorphism of A 2 that sends one onto the other, and that a line C ⊂ A 2 is a closed curve of degree 1. A variety defined over any field k is called geometrically irreducible if it is irreducible over the algebraic closure of k. for some polynomials P, Q ∈ k[t] without square factors having the same number of roots in k, and also having the same number of roots in the algebraic closure k. Moreover, the following holds: (1) If C is isomorphic to A 1 , then both C and D are equivalent to lines. (2) If C is not isomorphic to A 1 or to A 1 \ {0}, the isomorphism ϕ (not extending to an automorphism of A 2 ) is uniquely determined by C, up to post-composition by an automorphism of A 2 . In particular, there are at most two equivalence classes of curves in A 2 having complements isomorphic to A 2 \ C.
Corollary. If the ground field k is algebraically closed, and
is an isomorphism between the complements of two irreducible plane closed curves C, D ⊂ A 2 which does not extend to an automorphism of A 2 , then there exist two finite subsets F, G of the affine line A 1 of the same cardinality such that C is isomorphic to A 1 \ F and D is isomorphic to A 1 \ G.
If F contains at least 2 points, then ϕ is uniquely determined by C, up to postcomposition by an automorphism of A 2 . The equivalence class of D is uniquely determined by C, when F is empty or contains at least 2 points.
Theorem 1 shows in particular that the Complement Problem for n = 2 has a positive answer if one of the curves is singular, contrary to the case where n ≥ 3, as explained before. It is also very different to the case of P 2 , where there exist non-isomorphic irreducible curves having isomorphic complements [Bla09, Theorem 1], but where all possible examples have to be singular (see Lemma 5.5 below).
Theorem 1 also shows that the Complement Problem for n = 2 has a positive answer if the curve is not rational (which is an easy observation, see Corollary 2.8 below) but more generally when it is not isomorphic to an open subset of A 1 . Note that the real circle x 2 + y 2 = 1 over R is an example of a smooth rational affine curve which is not isomorphic to an open subset of A 1 . More precisely, Theorem 1 shows that if a curve C ⊂ A 2 yields a negative answer to the Complement problem, then there is only one non-isomorphic curve D ⊂ A 2 with A 2 \ C ≃ A 2 \ D, and that over the algebraic closure of k the two curves are isomorphic to complements of finite subsets of A 1 , both finite subsets having the same cardinality r ≥ 3, as explained in the corollary.
Theorem 1 also gives strong restrictions on isomorphisms between complements of curves: if C is not isomorphic to A 1 \ {0} and there exists an isomorphism ϕ :
2 \ D not extending to an automorphism of A 2 , then ϕ is unique (of course up to left composition by an automorphism of A 2 ), hence the class of D too. This is again quite different to the case of dimension n ≥ 3 where there are infinitely many hypersurfaces E ⊂ A n , up to equivalence, having isomorphic complements [Pol16, Lemma 3.1]. It is also different to the case of P 2 , where we can find algebraic families of non-equivalent curves of P 2 having the same complement and thus infinitely many if k is infinite: This follows from a construction made in [Cos12] , see Corollary 5.7 below.
All tools necessary to obtain the rigidity result (Theorem 1) are developped in Section 2. The proof is then achieved at the end of the section. Our second statement is the following existence result, which shows the optimality of Theorem 1.
Theorem 2. Let k be any field.
(1) There exists a closed curve C ⊂ A 2 , isomorphic to A 1 \ {0}, whose complement A 2 \ C admits infinitely many open embeddings A 2 \ C ֒→ A 2 into the affine plane, up to automorphisms of A 2 . Moreover, the set of equivalence classes of such curves C is infinite.
(2) For each integer n ≥ 1 there exist curves C 1 , . . . , C n ⊂ A 2 , all isomorphic to A 1 \ {0}, no two being equivalent, such that all open surfaces A 2 \ C 1 , . . . , A 2 \ C n are isomorphic. If char(k) = 0, we can moreover find an infinite sequence of curves C i ⊂ A 2 , i ∈ N, pairwise non-equivalent, such that all open surfaces A 2 \ C i , i ∈ N, are isomorphic. The proof of Theorem 2, mainly via explicit constructions, is made in Section 3.
We then give counterexamples to the Complement Problem in dimension 2, over any field:
Theorem 3. For each ground field k, there exist two geometrically irreducible closed curves C, D ⊂ A 2 which are not isomorphic but whose complements A 2 \ C and A 2 \ D are isomorphic. Furthermore, these two curves can be chosen of degree 7 if the field admits strictly more than 2 elements and of degree 13 if the field has 2 elements.
The proof of this result is detailed in Section 4. We first give a geometric construction in Proposition 4.1. Then, we show in Corollary 4.2 that this construction yields, for each polynomial P ∈ k[t] of degree d ≥ 1 and each λ ∈ k with P (λ) = 0, two closed curves C, D ⊂ A 2 of degree d 2 − d + 1 such that A 2 \ C and A 2 \ D are isomorphic and such that the following isomorphisms hold:
, where Q(t) = P λ + 1 t · t deg(P ) .
The proof of Theorem 3 follows by providing an appropriate pair (P, λ) for each field. The case of infinite fields is quite easy. Indeed, if k is infinite and P ∈ k[t] is a polynomial having at least 3 roots in k, then Spec(k[t,
1 P ]) and Spec(k[t,
1 Q ]) are not isomorphic, when Q(t) = P (λ + 1 t ) · t deg(P ) and λ ∈ k is a general element, so we can find two curves C, D ⊂ A 2 having isomorphic complements, such that C is isomorphic to Spec(k[t, We finish this introduction by giving some easy implications of Theorem 3, detailed in Section 5:
(i) The negative answer to the Complement Problem for n = 2 directly yields a negative answer for any n ≥ 3 (Lemma 5.1): Our construction gives, for each n ≥ 3, two geometrically irreducible smooth closed hypersurfaces E, F ⊂ A n which are not isomorphic but whose complements A n \ E and A n \ F are isomorphic (Corollary 5.2). All the hypersurfaces provided this way are isomorphic to A n−2 ×C for some open subset C ⊂ A 1 . This does not allow to give singular examples like the ones of [Pol16] , but gives a different type of examples.
(ii) Choosing k = C, our construction also gives families of closed complex curves C, D ⊂ C 2 such that C 2 \ C and C 2 \ D are biholomorphic (because they are isomorphic as algebraic varieties) but C and D are not biholomorphic (Lemma 5.3). This directly provides, for each n ≥ 2, the existence of algebraic hypersurfaces H 1 , H 2 ⊂ C n which are complex manifolds, not biholomorphic but having biholomorphic complements (Corollary 5.4). This is, to our knowledge, the first family of such examples, and yields the answer to a problem asked in [Pol16] . Note that in the counterexamples of [Pol16] , if both hypersurfaces are smooth, then they are always biholomorphic (even if they are not isomorphic as algebraic varieties).
Geometric description of open embeddings
In the sequel, we work over a field k, which is a priori any field (except when we precise the field). When we say rational, resp. isomorphic, we mean k-rational, resp. kisomorphic. The word geometrically rational or geometrically irreducible refers to the extension to the algebraic closure k, as usual.
2.1. Basic properties. In order to study isomorphisms between affine surfaces, it is often interesting to see the affine surfaces as open subsets of projective surfaces and to see then the isomorphisms as birational maps between the projective surfaces. The aim of this section is to establish Lemma 2.7, that we use often in the sequel. Its proof relies on some easy results that we recall before: Lemmas 2.2, 2.4, 2.6 and Corollary 2.5.
Example 2.1. The morphism
where L P 2 ⊂ P 2 denotes the "line at infinity" given by z = 0. The above embedding of A 2 into P 2 will be often used in the sequel, and called the standard embedding.
With this standard embedding, every line of A 2 , given by an equation ax + by = c where a, b, c are elements of k and a, b are not both zero, is the restriction of a line of P 2 , given by the equation ax + by = cz, and distinct from L P 2 .
Lemma 2.2. Let ϕ : X Y be a birational map between two projective surfaces and assume that ϕ restricts to an isomorphism U ≃ −→ V where U ⊂ X and V ⊂ Y are two open subsets. Then, any geometrically irreducible closed curve Γ ⊂ X \ U is sent either to a point of Y \ V or to a curve contained in Y \ V .
Proof. The minimal resolution of ϕ yields a commutative diagram
where η and π blow up respectively the base-points of ϕ and ϕ −1 , which are by assumption not contained in U and V respectively. This yields η −1 (U) = π −1 (V ), which implies the result. Definition 2.3. For each birational ϕ : P 2 P 2 , one defines J ϕ ⊂ P 2 to be the reduced curve given by the union of all irreducible k-curves contracted by ϕ.
Lemma 2.4. Let ϕ : P 2 P 2 be a birational map.
(1) The curve J ϕ is defined over k, i.e. is the zero locus of a homogeneous polynomial
Moreover, the number of k-irreducible components of J ϕ and J ϕ −1 are equal.
Proof. (1): If char(k) = 0 one could choose f to be the Jacobian determinant associated to ϕ. This does not work in positive characteristic as the Jacobian determinant can be zero. We then do as follows: we write ϕ as ϕ : [x : y : z] → [s 0 (x, y, z) : s 1 (x, y, z) : s 2 (x, y, z)], where s 0 , s 1 , s 2 ∈ k[x, y, z] are homogeneous polynomials of the same degree without common factor and do the same with ϕ −1 : [x : y : z] → [q 0 (x, y, z) : q 1 (x, y, z) : q 2 (x, y, z)]. We then do the composition and obtain q 0 (s 0 , s 1 , s 2 ) = xA, q 1 (s 0 , s 1 , s 2 ) = yA, q 2 (s 0 , s 1 , s 2 ) = zA, for some polynomial A ∈ k[x, y, z] and observe that J ϕ is the zero locus of A. Indeed, the polynomial A is zero along an irreducible k-curve if and only if this curve is sent by ϕ onto a base-point of ϕ −1 . (2) We take a minimal resolution of ϕ, which yields a commutative diagram
where η and π are birational morphisms, the morphism η, resp. π, being the sequence of blow-ups of the k-base-points of ϕ, resp. ϕ −1 . We can now work over k, forgetting the subfield k. Computing the Picard rank of X, we see that η and π contract the same number of irreducible curves of X. Let n be this number. We then denote by E ⊂ X, resp. F ⊂ X, the union of the n irreducible curves contracted by η, resp. π. The map ϕ restricts then to an isomorphism
Let us observe that η(E ∪ F ) = η(F ). Since η(E) consists of finitely many points, it suffices to show that these are contained in the curves of η(F ). Each point p of η(E) corresponds to a connected component of E, which contains at least one (−1)-curve E ⊂ E. The curve E is not contracted by π, by minimality, hence sent by π onto a curve π(E) ⊂ P 2 , of self-intersection ≥ 1. This implies that E intersects F and thus p ∈ η(F ). One similarly gets π(E ∪ F ) = π(E), and obtains that ϕ restricts to an isomorphism
It remains to observe that η(F ) is a closed curve of P 2 (in general not irreducible) and that each of its k-component is contracted by ϕ, so η(F ) = J ϕ . Similarly, one gets π(E) = J ϕ −1 . Moreover, the number of k-irreducible components of η(F ) is equal to the number of k-irreducible components of F \ E, which is equal to the number of k-irreducible components of E \ F . This achieves the proof.
Corollary 2.5. Let ϕ : P 2 \ Γ ֒→ P 2 be an open embedding, where Γ is a closed k-curve, which is a finite union of r distinct irreducible closed k-curves of P 2 . Then, there is a unique closed k-curve ∆ ⊂ P 2 such that ϕ(P 2 \ Γ) = P 2 \ ∆, and ∆ is also a finite union of r distinct irreducible closed k-curves of P 2 .
Proof. Letφ : P 2 P 2 be the birational map induced by ϕ. Lemma 2.4 implies that Jφ ⊂ Γ, that Jφ and Jφ−1 are finite unions of s ≤ r irreducible closed distinct k-curves of P 2 , and thatφ induces an isomorphism P 2 \ Jφ ≃ −→ P 2 \ Jφ−1. If s = r, the proof is over. Otherwise, Γ ′ = Γ \ Jφ is a closed k-curve of P 2 \ Jφ, which is the union of r − s irreducible closed k-curves. The closed k-curve ∆ ′ =φ(Γ ′ ) of P 2 \ Jφ−1 is again the union of r − s irreducible closed k-curves. The result follows with ∆ = ∆ ′ ∪ Jφ−1.
Lemma 2.6. Let ϕ : X Y be a birational map between two smooth projective surfaces (all defined over k), such that every irreducible k-curve contracted by ϕ is defined over k. Then, each base-point of ϕ −1 is k-rational and each curve contracted by ϕ is k-rational.
Proof. We argue by induction on the number of base-points of ϕ −1 . If there is no such base-point, there is nothing to show. Otherwise, let C be an irreducible k-curve contracted by ϕ onto a point p of Y . Since C is defined over k, so is its image, i.e. p is k-rational (the generic point of C is defined over k and is sent onto the k-point p). Let π : Y ′ → Y be the blow-up at p and let ϕ
The base-points of (ϕ ′ ) −1 coincide with the base-points of ϕ −1 from which the point p is removed. Moreover, the curves contracted by ϕ ′ are also contracted by ϕ, and if a curve is contracted by ϕ and not contracted by ϕ ′ , then it is sent by ϕ ′ onto the exceptional divisor π −1 (p) and is thus k-rational. Therefore, the result follows by induction.
In the sequel, we will constantly use the following observation:
Lemma 2.7. Let C ⊂ A 2 be a geometrically irreducible closed curve and let ϕ :
2 be an open embedding. Then, there exists a geometrically irreducible closed curve
Denote by C and D the closures of C and D in P 2 , denote as in Example 2.1 by L P 2 = P 2 \ A 2 the line at infinity and denote byφ : P 2 P 2 the birational map induced by ϕ. Then, one of the following three alternatives holds:
(1) We haveφ(C) = D. Then, the map ϕ extends to an automorphism of
(2) We haveφ(C) = L P 2 . Then, the curve D is a line of A 2 , i.e. D is a line of P 2 and ϕ extends to an isomorphism from
In particular, C is equivalent to a line via an automorphism of A 2 . (3) The mapφ contracts the curve C onto a k-point of P 2 . Then, the curve C (and therefore, also the curve C) is a rational curve (i.e. is k-birational to P 1 ).
proves us that the curve D is defined over k and is therefore geometrically irreducible. By Lemma 2.2, one of the following three alternatives holds:
(1) We haveφ(C) = D. Hence,φ induces an automorphism of A 2 = P 2 \ L P 2 (Lemma 2.4).
(2) We haveφ(C) = L P 2 . Then,φ induces an isomorphism P 2 \L P 2 ≃ −→ P 2 \D (again by Lemma 2.4). Since the Picard group of P 2 \ Γ is isomorphic to Z/ deg(Γ)Z, for each irreducible curve Γ, the curve D must be a line of P 2 .
(3) The mapφ contracts the curve C onto a point of P 2 . Then, by Lemma 2.6, this point is necessary a k-point and the curve C is k-rational. Proof. Follows from Lemma 2.7 and the fact that cases (2)-(3) only occur when C is rational.
Remark 2.9. It follows from Corollary 2.8 that the group of automorphisms of A 2 \ C, where C is a non-rational geometrically irreducible curve, is the subgroup of Aut(A 2 ) preserving C. By [BS15, Theorem 2], this group is finite (and in particular conjugate to a subgroup of GL 2 (k) if char(k) = 0, see for instance [Kam79] ).
We find it interesting to observe that case (3) of Lemma 2.7 only occurs when C intersects L P 2 in at most two k-points, even if this will not be used in the sequel.
extends to an automorphism of A 2 .
Proof. We can assume that k = k. Suppose, for contradiction, that the extension ϕ : P 2 P 2 does not restrict to an automorphism of A 2 . By Lemma 2.7, the curve C is contracted byφ (because C is not equivalent to a line, so (2) is impossible). We recall thatφ restricts to an isomorphism
where Jφ, Jφ−1 have the same number of irreducible components (Lemma 2.4). We take a minimal resolution of ϕ, which yields a commutative diagram
We first observe that the strict transformsL P 2 ,C ⊂ X of L P 2 , C by η intersect in at most one point. Indeed, otherwise the curveL P 2 is not contracted by π, because π contracts C, and sent onto a singular curve, which has then to be D. We get Jφ = C, Jφ−1 = L P 2 and get an isomorphism P 2 \ C → P 2 \ L P 2 , impossible because C has degree at least 3. Secondly, the fact thatL P 2 ,C ⊂ X intersect in at most one point implies that η blows up all points of C ∩ L P 2 except at most one. Since Jφ−1 ⊂ D ∪ L P 2 , there are at most two (−1)-curves contracted by η. But L P 2 and C intersect in at least three points, so we obtain exactly two proper base-points ofφ, corresponding to exactly two (−1)-curves
Let us show that E i · F ≥ 2, for i = 1, 2, which will imply that π(E i ) is a singular curve for i = 1, 2, and yield a contradiction since E 1 , E 2 are sent by π onto L P 2 and D.
it is a tree of rational curves, which intersects bothC andL P 2
, this implies that F contains a loop and thus cannot be contracted.
Remark 2.11. In case (3) of Lemma 2.7, it is possible that C intersects the line L P 2 in two points, as it is the case in most of our examples (see for example Lemma 3.1 or Lemma 3.7). The case of one point is of course also possible (see for instance Lemma 2.13(1)).
We will also need the following basic algebraic observation.
Lemma 2.12. Let f ∈ k[x, y] be a polynomial, irreducible over k, and let C ⊂ A 2 be the curve given by f = 0. Then, the ring of functions on A 2 \ C and its subset of invertible elements are equal to
In particular, every automorphism of A 2 \ C exchanges the fibres of the morphism
given by f .
Proof. The field of rational functions of A 2 \ C is equal to k(x, y). We can write any element of this field as 2 \ C. This means that v = λf n , for some λ ∈ k * , n ≥ 0. This provides the description of O(A 2 \ C) and O(A 2 \ C) * . The last remark follows from the fact that O(A 2 \ C) * is generated by k * and one element, if and only if this element is λf ±1 for some λ ∈ k * .
2.2. The case of lines. Lemma 2.7 shows that one needs to study isomorphisms A 2 \ C ≃ −→ A 2 \ D, which extend to birational maps of P 2 that contract the curve C onto a point. One can ask whether this point can be a point of A 2 (and thus would be contained in D) or belongs to the boundary line L P 2 = P 2 \ A 2 . As we will show (Corollary 2.19), the first possibility only occurs in a very special case, namely when C is equivalent to a line by an automorphism of A 2 . The case of lines is special for this reason, and is treated separately here.
Lemma 2.13. Let C ⊂ A 2 be the line given by x = 0.
(1) The group of automorphisms of A 2 \ C is given by:
(2) Every open embedding A 2 \ C ֒→ A 2 is equal to ψα, where α ∈ Aut(A 2 \ C) and ψ : A 2 \ C ֒→ A 2 extends to an automorphism of A 2 . In particular, the complement of its image, i.e. the complement of ψα(A 2 \ C) = ψ(A 2 \ C), is a curve equivalent to a line by an automorphism of A 2 .
Proof. To prove (1), we first observe that each transformation (x, y) → (λx ±1 , µx n y + s(x, x −1 )) actually yields an automorphism of A 2 \ C. Then, we only need to show that all automorphisms of A 2 \ C are of this form. An automorphism of A 2 \ C corresponds to an automorphism of k[x, y, x −1 ], which sends x onto λx ±1 , where λ ∈ k * (Lemma 2.12). Applying the inverse of (x, y) → (λx ±1 , y), we can assume that x is fixed. We are left with an R-automorphism of R[y], where R is the ring k[x, x −1 ]. Such an automorphism is of the form y → ay + b, where a ∈ R * , b ∈ R. Indeed, if the maps y → p(y) and y → q(y) are inverses of each other, the equality y = p(q(y)) proves us that deg p = deg q = 1. This yields the desired form.
To prove (2), we use Lemma 2.7 and write ϕ as an isomorphism A 2 \C ≃ −→ A 2 \D where D is a geometrically irreducible closed curve, and only need to see that D is equivalent to a line by an automorphism of A 2 . We write ψ = ϕ −1 , choose an equation f = 0 for D (where f ∈ k[x, y] is an irreducible polynomial over k) and get an isomorphism
that sends x onto λf ±1 for some λ ∈ k * (Lemma 2.12). We can thus write ψ as (x, y) → (λf (x, y) ±1 , g(x, y)f (x, y) n ), where n ∈ Z and g ∈ k[x, y]. Replacing ψ with its composition with the automorphism
we can assume that ψ is of the form (x, y) → (f (x, y), g(x, y)). If g is equal to a constant ν ∈ k modulo f , we apply the automorphism (x, y) → (x, (y − ν)x −1 ) and decrease the degree of g. After finitely many steps we obtain an isomorphism A 2 \D → A 2 \C of the form ψ 0 : (x, y) → (f (x, y), g(x, y)) where g is not a constant modulo f . The image of D by ψ 0 is then dense in C, which implies that ψ 0 extends to an automorphism of A 2 sending D onto C (Lemma 2.7).
2.3. Embeddings into Hirzebruch surfaces. We will not only need embeddings of A 2 into P 2 but also other embeddings of A 2 into smooth projective surfaces, and in particular into Hirzebruch surfaces.
Example 2.14. For n ≥ 1, the n-th Hirzebruch surface F n is
and the projection π n : F n → P 1 yields a P 1 -bundle structure on F n . Let S n , F n ⊂ F n be the curves given by [1 : 0 : 0] × P 1 and v = 0, respectively. The morphism
We recall the following classical easy result:
Lemma 2.15. For each n ≥ 1, the projection π n : F n → P 1 is the unique P 1 -bundle structure on F n , up to automorphism of P 1 . The curve S n is the unique irreducible k-curve of F n of self-intersection −n, and we have (F n ) 2 = 0.
Proof. Since F n \(S n ∪ F n ) is isomorphic to A 2 , whose Picard group is trivial, one has Pic(F n ) = ZF n + ZS n . Moreover, F n is a fibre of π n and S n is a section, so (F n ) 2 = 0 and F n · S n = 1. Denoting by S ′ n ⊂ F n the section given by a = 0, one finds that S ′ n is equivalent to S n + nF n , by computing the divisor of a c . Since S n and S ′ n are disjoint, this yields 0 = S n ·(S n +nF n ) = (S n ) 2 +n, so (S n ) 2 = −n.
To get the result, it suffices to show that an irreducible k-curve C ⊂ F n not equal to S n or to a fibre of π n has self-intersection at least equal to n. This will show in particular that a general fibre of any morphism F n → P 1 is equal to a fibre of π n , since this one has self-intersection 0. We write C = kS n + lF n for some k, l ∈ Z and find 0 < F n · C = k (since C is not contained in a fibre) and 0 ≤ C · S n = l − nk. This yields in particular l ≥ nk ≥ n and C 2 = −nk
Lemma 2.16. Let C ⊂ A 2 be a geometrically irreducible closed curve. Then, there exists an integer n ≥ 1 and an isomorphism ι :
such that the closure of ι(C) in F n is a curve Γ which satisfies one of the following two possibilities:
(2) Γ · F n ≥ 2 and the following assertions hold:
Furthermore, in Case (1), the curve C is equivalent to a curve given by
where a, b ∈ k[y] are coprime polynomials such that a = 0 and deg b < deg a. Moreover, the following assertions are equivalent:
Proof. Let us take any fixed isomorphism ι : A 2 ≃ −→ F n \(S n ∪ F n ) for some n ≥ 1, and denote by Γ the closure of ι(C).
We first assume that we have Γ · F n = 1. This is equivalent to saying that Γ is a section of π n . We can furthermore assume that Γ ∩ F n ∩ S n = ∅, as otherwise we blow up the point F n ∩ S n , contract the curve F n , change the embedding to F n+1 and decrease the intersection number of Γ with S n at the point S n ∩ F n . After finitely many steps we get Γ ∩ F n ∩ S n = ∅, i.e. we are in Case (1).
If Γ · F n = 0, then Γ is a fibre of π n : F n → P 1 . Let ψ be the unique automorphism of A 2 such that ι • ψ is the standard embedding of A 2 into F n of Example 2.14. Then, the curve C is equivalent to the curve ψ −1 (C), which has equation y = λ, for some λ ∈ k. This proves that C is equivalent to the line y = λ, and thus to the line x = λ, sent by the standard embedding onto a curve satisfying the conditions (1).
It remains to consider the case where Γ · F n ≥ 2. If Γ satisfies (2), we are done. Otherwise, we have a k-point p ∈ F n satisfying one of the following two possibilities:
and either n ≥ 2 or n = 1 and p ∈ S 1 ∩ F 1 .
We will replace the isomorphism A 2 ≃ −→ F n \(S n ∪ F n ) with another one, where the singularities of the curve Γ either decrease (all multiplicities have not changed, except one multiplicity which decreases) or stay exactly the same. Moreover, the case where the multiplicities stay the same is only in (a), which cannot appear two consecutive times. We then get the result after finitely many steps.
In case (a), we observe that m p (Γ) > Γ · S 1 implies that p / ∈ S 1 . We can then choose p to be a k-point of F 1 \ S 1 of maximal multiplicity and denote by τ : F 1 → P 2 the birational morphism contracting S 1 onto a k-point q ∈ P 2 , observe that τ (F 1 ) is a line through q, that τ (Γ) is a curve of multiplicity Γ·S 1 at q and of multiplicity
be the exceptional fibre of τ ′ , F ′ 1 the strict transform of τ (F 1 ) and Γ ′ the strict transform of τ (Γ). We then replace the isomorphism
is not anymore possible. Moreover, the singularities of the new curve Γ ′ have either decreased or stayed the same. This latter case appears when m p (Γ) = 1 and Γ · S 1 = 0. The situation is illustrated below, for a simple case where
, we denote by κ : F n F n ′ the birational map that blows up the point p and contracts the strict transform of F n . Call q the point onto which the strict transform of F n is contracted. We have κ = π q • (π p ) −1 , where π p , resp. π q , are blow-ups of the point p of F n , resp. the point q of F n ′ . The drawing below illustrates the situation in a case where n ′ = n − 1. The composition of ι with κ provides a new isomorphism
, where S n ′ is the image of S n and F n ′ is the curve corresponding to the exceptional divisor of p. Note that F n ′ is a fibre of the
, and that S n ′ is a section, of self-intersection −n − 1 if p ∈ S n and −n + 1 if p / ∈ S n . Hence, since n ≥ 2 or n = 1 and {p} = S n ∩ F n , we get that (S n ′ ) 2 = −n ′ < 0, and obtain a new isomorphism ι ′ :
The singularity of the new curve Γ ′ at the point q is equal to Γ · F n − m p (Γ), which is strictly smaller than m p (Γ) by assumption. Moreover 2m p (Γ) > Γ · F n ≥ 2, which implies that p was indeed a singular point of Γ.
Finally, we must now prove the last statement of our lemma, which concerns Case (1). Let ψ be the unique automorphism of A 2 such that ι • ψ is the standard embedding of A 2 into F n of Example 2.14. Then, replacing ι by ι • ψ and C by the equivalent curve ψ −1 (C), we may assume that ι :
is the standard embedding. This being done, the restriction of π n :
The fibres of π n , equivalent to F n being given by y = cst, the degree in x of the equation of C is equal to Γ · F n (this can be done for instance by extending the scalars to k and taking a general fibre). Since Γ · F n = 1, the equation is of the form xa(y) + b(y) for some polynomials a, b ∈ k[y], a = 0. Since C is geometrically irreducible, the polynomials a and b are coprime. There exist (unique) polynomials q,b ∈ k[x] such that b = aq +b with degb < deg a. Then, changing the coordinates by applying (x, y) → (x + q(y), y), one may furthermore assume that deg b < deg a.
Let us prove that points
We recall that Γ is a section of π n : F n → P 1 , so that we have the isomorphisms
We use the open embedding
The preimages of Γ and S n by this embedding are the curves of equations a(v)+b(v)u = 0 and u = 0. Hence Γ · S n = 0 implies that a has no k-root and thus is a constant.
Extension to regular morphisms on
The following proposition, is the principal tool in the proof of Lemma 2.22, Corollary 2.23 and Proposition 2.25, which themselves give the main part of Theorem 1.
Proposition 2.17. Let C ⊂ A 2 be a geometrically irreducible closed curve, not equivalent to a line by an automorphism of A 2 , and let ϕ : A 2 \ C ֒→ A 2 be an open embedding. Then, there exists an open embedding ι : A 2 ֒→ F n , for some n ≥ 1, such that the rational map ι • ϕ extends to a regular morphism A 2 → F n , and such that ι(A 2 ) = F n \ (S n ∪ F n ) (where S n and F n are as in Example 2.14).
Proof. By Lemma 2.7, ϕ(A 2 \ C) = A 2 \ D for some geometrically irreducible curve D. If ϕ extends to an automorphism of A 2 sending C onto D, the result is obvious, by taking any isomorphism ι :
, so we can assume that ϕ does not extend to an automorphism of A 2 . Lemma 2.13 implies, since C is not equivalent to a line by an automorphism of A 2 , that the same holds for D. Moreover, Lemma 2.7 implies that the extension of ϕ −1 to a birational map A 2 P 2 , via the standard embedding
We choose an open embedding ι : A 2 ֒→ F n given by Lemma 2.16, which comes from an isomorphism ι : We want to show that the open embedding ι • ϕ : A 2 \ C ֒→ F n extends to a regular morphism on A 2 . Using the standard embedding of A 2 into P 2 , one gets a birational map ψ : P 2 F n and needs to show that all base-points of this map are contained in L P 2 . We take as usual a minimal resolution of ψ and obtain a commutative diagram
As we observed before, the map ψ −1 : F n P 2 contracts Γ = ι(D) onto a k-point, and thus does not send Γ birationally onto C or L P 2 . The possible curves contracted by ψ are L P 2 , C and the possible curves contracted by ψ −1 are Γ, F n , S n . Since all these are defined over k, all base-points of ψ, ψ −1 are defined over k (Lemma 2.6). We suppose, for contradiction, that ψ has a base-point q in A 2 = P 2 \L P 2 , which means that one (−1)-curve E q ⊂ X is contracted by η onto q. This curve is the exceptional divisor of a base-point infinitely near to q but not necessarily of q. The minimality of the resolution implies that π does not contract E q , so π(E q ) is a curve of F n contracted by ψ −1 onto q, which belongs to {Γ, F n , S n }. We observe that ψ has also a base-point p in L P 2 . Indeed, otherwise the strict transform of L P 2 would have self-intersection 1 on X and would then not be contracted by π, and would be sent onto a curve of self-intersection ≥ 1, which belongs to {Γ, F n , S n } by Lemma 2.2. As (F n ) 2 = 0 and (S n ) 2 = −n ≤ −1, L P 2 is sent to Γ by ψ. But Γ is not sent birationally onto L P 2 by ψ −1 , as we observed before. This contradiction gives a (−1)-curve E p ⊂ X contracted by η onto p and not contracted by π. As above, this curve is the exceptional divisor of a base-point infinitely near to p, but not necessarily of p. Again, π(E p ) belongs to {Γ, F n , S n }.
We thus have at least two of the curves Γ, F n , S n that correspond to (−1)-curves of X contracted by η.
We suppose first that S n corresponds to a (−1)-curve of X contracted by η. The fact that (S n ) 2 = −n ≤ −1 implies that n = 1 and that π does not blow up any point of S n . As there is another (−1)-curve of X contracted by η, the two curves are disjoint on X, and thus also disjoint on F 1 , since π does not blow up any point of S 1 . The other curve is then Γ (since F 1 · S 1 = 1), and Γ · S 1 = 0. If moreover Γ · F 1 = 1 (condition (1) of Lemma 2.16), then the contraction F 1 → P 2 of S 1 sends Γ onto a line of P 2 , which contradicts the fact that D ⊂ A 2 is not equivalent to a line. If Γ · F 1 ≥ 2, then condition (2) of Lemma 2.16 implies that m r (Γ) ≤ Γ · S 1 = 0 for each r ∈ F 1 (k). Hence, the intersection of Γ with F 1 (which is not empty since Γ · F 1 ≥ 2) only consists of points not defined over k, which are therefore not blown up by π. The strict transformsΓ and F 1 on X satisfy thenΓ ·F 1 = Γ · F 1 ≥ 2. AsΓ is contracted by η, the image η(F 1 ) is a singular curve and is then equal to C. This contradicts the fact that ψ contracts C onto a point.
The remaining case is when S n does not correspond to a (−1)-curve of X contracted by η, which implies that {π(E p ), π(E q )} = {F n , Γ}, or equivalently that {E p , E q } = {F n ,Γ}, the strict transforms of F n and Γ on X. Since (F n ) 2 = 0 and (F n ) 2 = −1, there exists exactly one point r ∈ F n (and no infinitely near points) blown up by π, which is then a k-point (as all base-point of π are defined over k). We obtain m r (Γ) = Γ · F n ≥ 1 and Γ ∩ F n = {r}, sinceF n andΓ are disjoint on X (and because Γ · F n ≥ 1, as Γ satisfies the conditions (1)-(2) of Lemma 2.16).
We now prove that π −1 (r) and π −1 (S n ) are two disjoint connected sets of rational curves which intersect the two curvesF n andΓ, i.e. the two curves E p and E q . To show this, it suffices to prove that r / ∈ S n and that S n · Γ ≥ 1. Suppose first that Γ · F n = 1 (condition (1) of Lemma 2.16). Since C ∩F n ∩S n = ∅, we get r ∈ F n \ S n . The inequality Γ · S n > 0 is provided by the fact that D is not equivalent to a line by an automorphism of A 2 (see again condition (1) of Lemma 2.16). Suppose then that Γ·F n ≥ 2 (equivalence (iv)-(ii) in case (2) of Lemma 2.16). As m r (Γ) = Γ · F n ≥ 2, we have 2m r (Γ) > Γ · F n , which implies that n = 1, r ∈ F n \ S n and 2 ≤ m r (Γ) ≤ Γ · S n (see again possibility (2) of Lemma 2.16).
We finish by observing that, since η(E q ) = q ∈ P 2 \ L P 2 and η(E p ) = p ∈ L P 2 , any connected set of curves of η −1 (L P 2 ∪ C) which touches the two curves E q and E p has to contain the strict transformC of C. This contradicts the fact that π −1 (r) and π −1 (S n ) are two disjoint connected sets of rational curves which intersect the two curvesF n andΓ.
A direct corollary of Proposition 2.17 is the following, which shows that only smooth curves C ⊂ A 2 are interesting to study. This follows also from Lemma 2.22 below. Since the proof of Lemma 2.22 is more involved, we prefer to first explain the simple argument that shows how the smoothness follows from Proposition 2.17. Proof. By Lemma 2.7, ϕ(A 2 \ C) = A 2 \ D for some geometrically irreducible curve D. We apply Proposition 2.17 and obtain an open embedding ι : A 2 ֒→ F n , for some n ≥ 1, such that the rational map ι • ϕ extends to a regular morphism A 2 → F n . Embedding A 2 into P 2 , we get a birational map P 2 F n which is regular on A 2 . In particular, the singular points of C are not blown up in the minimal resolution of the birational transformation P 2 F n . So, the curve C is not contracted. By Lemma 2.2, it is then sent onto a singular curve of F n , not contained in A 2 \ D. The three irreducible curves of F n not contained in A 2 \ D being D, S n , F n , and since S n and F n are smooth, the image of C is D. Lemma 2.7 then shows that ϕ extends to an automorphism of A 2 .
Another direct corollary of Proposition 2.17 is the following (Corollary 2.19), which gives in particular a simple proof of the characterisation of birational endomorphisms of A 2 that contract only one irreducible curve, given by Daigle in [Dai91, Theorem 4.11].
Corollary 2.19. Let C ⊂ A 2 be a geometrically irreducible closed curve and let ϕ :
2 be an open embedding. The following conditions are equivalent:
(i) The extension of ϕ to a birational self-map of A 2 contracts the curve C onto a point of A 2 .
(ii) The map ϕ extends to a birational endomorphism of A 2 , which is not an automorphism.
(iii) There exists automorphisms α, β of A 2 such that ϕ extends to the birational endomorphism of A 2 given by αψβ, where ψ : A 2 → A 2 is given by (x, y) → (x, x n y), for some integer n ≥ 1. In particular, if the assertions are satisfied (or equivalently one of the assertions), then C ⊂ A 2 is equivalent to a line by an automorphism of A 2 and ϕ(A 2 \ C) = A 2 \ D, where D is again a curve equivalent to a line by an automorphism of A 2 .
Proof. (iii)⇒(ii): follows from the fact that, for each n ≥ 1, the map ψ : (x, y) → (x, x n y) is a birational endomorphism of A 2 which is not an automorphism, as its inverse
Since ϕ extends to an endomorphism of A 2 which is not an automorphism, the cases (1)-(2) of Lemma 2.7 are not possible. Hence, we are in case (3): C is contracted onto a point of P 2 , which is necessarily in
Since C is contracted onto a point of A 2 , it is not possible to find an open embedding ι : A 2 ֒→ F n , for some n ≥ 1, such that the rational map ι • ϕ −1 extends to a regular morphism A 2 → F n . By Proposition 2.17, this implies that D is equivalent to a line by automorphism of A 2 . Hence, the same holds for C, by Lemma 2.13. Applying automorphisms of A 2 at the source and the target, we can then assume that C = D is the line x = 0 and that ϕ extends to an endomorphism of A 2 that contracts C onto the origin. By Lemma 2.13(1), the map ϕ is of the form (x, y) → (λx, µx n y + s(x)), where λ, µ ∈ k * , n ≥ 1 and s ∈ k[x] is a polynomial that vanishes at the origin. We then observe that ϕ is the composition of the automorphism of A 2 given by (λx, µy + s(xλ −1 )) with (x, y) → (x, x n y) .
2.5. Completion with two curves and a boundary. The following technical lemma (Lemma 2.22) is used to prove Corollary 2.23 and Proposition 2.25, which yield almost all statements of Theorem 1.
Definition 2.20. Let X be a smooth projective surface. A reduced closed curve C ⊂ X is a k-forest of X if C is a finite union of closed curves C 1 , . . . , C n , all k-isomorphic to P 1 and if each singular point of C is a k-point lying on exactly two components C i , C j intersecting transversally. We moreover ask that C does not contain any loop. If C is connected, we say that C is a k-tree.
Remark 2.21. If η : X → Y is a birational morphism between smooth projective surfaces such that all base-points of η −1 are defined over k, then the exceptional curve of η (union of curves contracted) is a k-forest E ⊂ X. Moreover, the strict transform and the preimage of any k-forest of Y is a k-forest of X. The preimage of a k-tree is a k-tree.
Lemma 2.22. Let C, D ⊂ A 2 be geometrically irreducible closed curves, not equivalent to lines by automorphisms of A 2 and let ϕ :
be an isomorphism which does not extend to an automorphism of A 2 . Then, there is a smooth projective surface X and two open embeddings ρ 1 , ρ 2 : A 2 ֒→ X such that ρ 2 ϕ = ρ 1 and such that the following holds: and to the number of points of B ∩ ∆, and is at most 2.
Proof. By Proposition 2.17, there exist integers m, n ≥ 1, and isomorphisms
where η and π are birational morphisms, which are sequences of blow-ups of k-points, being the base-points of ψ and ψ −1 respectively (the fact that all points are defined over k is because the curves contracted by ψ and ψ −1 are all geometrically irreducible k-curves, since they are contained in S n , F n , S m , F n or the images of C and D and follows then from Lemma 2.6). Since u 1 , u 2 are regular on A 2 , the base-points of ψ, resp. ψ −1 , belong to F m ∪ S m ⊂ F m , resp. F n ∪ S n ⊂ F n . In particular, we get two open embeddings
such that ρ 2 ϕ = ρ 1 (or more precisely ρ 2 ϕ = ρ 1 | A 2 \C ). We have ρ 1 (A 2 ) = X \ B 1 and ρ 2 (A 2 ) = X \ B 2 , where B 1 = η −1 (S m ∪ F m ) and B 2 = π −1 (S n ∪ F n ) are k-trees (see Remark 2.21). The fact that ϕ does not extend to an automorphism of A 2 implies that B 1 = B 2 . We then write B = B 1 ∩ B 2 and observe that η(B 2 \ B) is a closed curve of F m \ η(B) = ι 1 (A 2 ), sent by ψ outside of ι 2 (A 2 ). This shows that C = η(B 2 \ B), and analogously one obtains D = π(B 1 \ B). Writing
we then obtain B 2 = B ∪ Γ and B 1 = B ∪ ∆. In particular, since B 1 , B 2 are two k-trees, Γ and ∆ are isomorphic to P 1 (over k) and intersect transversally B in a finite number of k-points. Moreover, the number of connected components of B is equal to the number of points of B ∩ Γ, and of B ∩ ∆ (which are all k-points as said before).
We have then found the surface X together with the embeddings ι 1 , ι 2 , satisfying conditions (i)-(ii)-(iii). We will then modify X if needed, in order to also get (iv)-(v).
Suppose that the number of connected components of B is r ≥ 3, and let us show that at least r − 2 connected components of B are contractible (in the sense that there is a birational morphism X → Y , where Y is a smooth projective rational surface, which contracts one component of B and no other k-curve). To show this, we first observe that Γ intersects r distinct curves of B. Since Γ is one of the irreducible components of B 2 = π −1 (S n ∪ F n ), we can decompose π as π 2 • π 1 where π 1 (Γ) is an irreducible component of (π 2 ) −1 (S n ∪ F n ) intersecting exactly two other irreducible components R 1 , R 2 , and such that all points blown up by π 1 are infinitely near points of π 1 (Γ) \ (R 1 ∪ R 2 ). This proves that we can contract at least r − 2 connected components of B.
If one connected component of B is contractible, there exists a morphism
Moreover, the number of k-roots of P and Q is the same (i.e. extending the scalars to k, the curves C and D become isomorphic to A 1 minus some finite number of points, the same number for both curves). The number of k-roots of P and Q are also the same. Proof. If C or D is equivalent to a line, so are both curves (Lemma 2.13), and the result holds. Otherwise, we apply Lemma 2.22 and get a smooth projective surface X and two open embeddings ρ 1 , ρ 2 : A 2 ֒→ X such that ρ 2 ϕ = ρ 1 and satisfying the conditions
Since Γ is isomorphic to P 1 and Γ ∩ B consists of one or two k-points, this shows that Γ is isomorphic to an open subset of A 1 . Doing the same for D, we get isomorphisms
are polynomials, that we can assume without square factors.
The number of k-roots of P is equal to the number of k-points of Γ ∩ B 1 plus 1. Similarly, the number of k-roots of Q is equal to the number of k-points of ∆ ∩ B 2 plus 1. To see that these numbers are equal, we observe that
, and that the number of points of Γ ∩ B is the same as the number of points of ∆ ∩ B (follows from (v)). As each point of Γ ∩ B that is also contained in Γ ∩ ∆ is also contained in ∆ ∩ B, this shows that P and Q have the same number of k-roots. As each k-point of Γ ∩ B 1 or ∆ ∩ B 2 which is not a k-point is contained in Γ ∩ ∆, the number of k-roots of P and Q is also the same.
Proposition 2.25. Let C, D, D ′ ⊂ A 2 be geometrically irreducible closed curves, not equivalent to lines by automorphisms of A 2 , and let ϕ :
2 \ D ′ be isomorphisms which do not extend to an automorphism of A 2 . Then, one of the following holds:
Remark 2.26. Case (b) never happens, as we will show after. Indeed, since C is not equivalent to a line, the existence of ϕ, ϕ ′ is prohibited (Proposition 2.28 below).
. In particular, we obtain an isomorphism κ :
extends to a birational map that sends birationally D onto D ′ and then extends to an automorphism of A 2 (Lemma 2.7). It remains then to show that this holds.
Note that all base-points of κ and κ −1 are defined over k, since all k-curves contracted by κ and κ −1 are defined over k (Lemma 2.6). We take a minimal resolution of the indeterminacies of κ:
and observe, as before, that all points blown up by η and π are defined over k. We want to show that the strict transforms∆ and∆ ′ of ∆ ⊂ X, ∆ ′ ⊂ X ′ are equal. We will do this by studying the strict transformΓ =Γ ′ of Γ and Γ ′ and its intersection with∆ and ∆ ′ and with the other components of
22). (i)
Suppose first that Γ ∩ B 1 contains some k-points which are not defined over k. None of these points is thus a base-point of κ, soΓ ∩∆ contains k-points not defined
2 ) is a k-tree, soΓ =Γ ′ intersects all irreducible components of B Z into k-points, except maybe∆ ′ . This yields∆ =∆ ′ as we wanted. (ii) We can now assume that all k-points of Γ ∩ B 1 are defined over k, which implies that all intersections of irreducible components of B Z are defined over k. We will say that an irreducible component of B Z is separating if the union of all other irreducible components is a k-forest (see Definition 2.20).
Since B 1 = B ∪ ∆ is a k-tree, its preimage on B Z is a k-tree. The union of all components of B Z distinct fromΓ being equal to the disjoint union of η −1 (B 1 ) with some k-forest contracted onto points of Γ \ B 1 , we find thatΓ is separating. The same argument shows that∆ and∆ ′ are also separating. It remains then to show that any irreducible component E ⊂ B Z which is not equal to∆ orΓ is not separating. We use for this the fact that C ≃ Γ \ B 1 is not isomorphic to A 1 or A 1 \ {0}, so the set Γ ∩ B 1 contains at least 3 points. If η(E) is a point q, then the complement of η −1 (q) in B Z contains a loop, since Γ intersects the k-tree B 1 into at least two points distinct from q. If η(E) is not a point, it is one of the components of B. We denote by F the union of all irreducible components of B ∪ Γ ∪ ∆ not equal to η(E), and prove that F is not a k-forest, since it contains a loop. This is true if ∆ ∩ Γ contains at least 2 points. If ∆ ∩ Γ contains one or less points, then ∆ ∩ B contains at least two points, so contains exactly two points, on the two connected components of B which both intersect Γ and ∆ (see Lemma 2.22(v)). We again get a loop on the union of Γ, ∆ and of the connected component of B not containing η(E). The fact that F contains a loop implies that η −1 (F ) contains a loop, and achieves to prove that E is not separating.
The case of curves isomorphic to A
1 and the proof of Theorem 1. To finish the proof of Theorem 1, one still needs to do the case of curves isomorphic to A 1 . The case of lines has been already treated in Lemma 2.13. In characteristic zero, this finishes the study by the Abyhankar-Moh-Suzuki theorem, but in positive characteristic, there are many closed curves of A 2 which are isomorphic to A 1 but are not equivalent to lines (these curves are sometimes called "bad lines" in the literature). We will show that an open embedding A 2 \ C ֒→ A 2 always extends to A 2 if C is isomorphic to A 1 but not equivalent to a line.
Lemma 2.27. Let n ≥ 1 and let Γ ⊂ F n be a closed geometrically irreducible curve, such that Γ · F n ≥ 2. If there exists a birational map F n P 2 that contracts Γ onto a point (and maybe contracts some other curves), then Γ is geometrically rational and singular. Moreover, one of the following occurs: (a) There exists a point p ∈ F n (k) such that 2m p (Γ) > Γ · F n . (b) We have n = 1 and there exists a point p ∈ F 1 (k) \ S 1 such that m p (Γ) > Γ · S 1 .
Proof. We can assume that k = k. Denote by ψ : F n P 2 the birational map that contracts C onto a point (and maybe some other curves). The minimal resolution of this map yields a commutative diagram
In Pic(F n ) = ZF n ZS n we write Γ = aS n + bF n −K Fn = 2S n + (2 + n)F n for some integers a, b. Note that a = Γ · F n ≥ 2 and that b − an = Γ · S n ≥ 0. By hypothesis, the strict transformΓ of Γ on X is a smooth curve contracted by π. In particular, Γ is rational and the divisor 2Γ + aK X is not effective, since π(2Γ + aK X ) = aK P 2 is not effective.
Denoting by E 1 , . . . , E r ∈ Pic(X) the pull-backs of the exceptional divisors blown up by η (which satisfy (E i ) 2 = −1 for each i and E i · E j = 0 for i = j) we havẽ
(a − 2m i )E i which implies, since 2Γ + aK X is not effective, that either 2b < a(2 + n) or 2m i > a for some i. If 2m i > a for some i, we get (a), since the m i are the multiplicities ofΓ at the points blown up by η.
It remains to study the case where 2m i ≤ a for each i, and where 2b < a(2 + n).
, whence n = 1 and thus 2b < 3a. We then compute
which is again not effective, since π(3Γ+bK X ) = bK P 2 and b ≥ an = a ≥ 2. This implies that there exists i such that 3m i > b. Since 2m i ≤ a, one finds m i > b − a = Γ · S 1 , which yields (b).
Proposition 2.28. Let C ⊂ A 2 be a closed curve, isomorphic to A 1 (i.e. isomorphic to A 1 over k). The following are equivalent:
(a) The curve C is equivalent to a line by an automorphism of A 2 . (b) There exists an open embedding A 2 \ C ֒→ A 2 which does not extend to an automorphism of A 2 . (c) Embedding A 2 into P 2 , via the canonical embedding, there exists a birational map of P 2 that contracts the curve C onto a point (and maybe contracts other curves).
Proof. The implications (a) ⇒ (b) and (a) ⇒ (c) can be observed, for example by taking the map (x, y) → (x, xy), which is an open embedding of A 2 \ {x = 0} into A 2 , which does not extend to an automorphism of A 2 , and whose extension to P 2 contracts the line x = 0 onto a point.
To prove (b) ⇒ (c), we take an open embedding ϕ : A 2 \ C ֒→ A 2 which does not extend to an automorphism of A 2 and look at the extension to P 2 . By Lemma 2.7, either this one contracts C, or C is equivalent to a line, in which case (c) is true as was shown before.
It remains to prove (c) ⇒ (a). We apply Lemma 2.16, and obtain an isomorphism ι : A 2 ≃ −→ F n \(S n ∪ F n ) such that the closure of ι(C) in F n is a curve Γ which satisfies one of the two cases (1)-(2) of Lemma 2.16. In case (1), the curve is equivalent to a line as it is isomorphic to A 1 (equivalence (ii) − (iii) of Lemma 2.16). It remains to study the case where Γ satisfies the conditions (2) of Lemma 2.16 (in particular Γ · F n ≥ 2), and to show that these, together with (c), yield a contradiction. We prove that there is no point p ∈ F n (k) such that 2m p (Γ) > Γ · F n . Indeed, since Γ · F n ≥ 2, the point would be a singular point of Γ, and since Γ \ (F n ∪ E n ) = C is isomorphic to A 1 , p is a k-point and is the unique k-point of Γ ∩ (F n ∪ E n ). Moreover, as Γ · F n ≥ 2, we find that p ∈ F n . Since 2m p (Γ) > Γ · F n and because Γ satisfies the conditions (2) of Lemma 2.16, the only possibility is that n = 1, p ∈ F 1 \ S 1 and 0 < m p (Γ) ≤ Γ · S 1 . This is impossible as it contradicts the fact that Γ ∩ (S 1 ∪ F 1 ) contains only one k-point.
Denote by ψ 0 : P 2 P 2 the birational map that contracts C (and maybe other curves) onto a point. Observe that ψ 0 • ι −1 yields a birational map ψ : F n P 2 which contracts Γ onto a point. As there is no point p ∈ F n (k) such that 2m p (Γ) > Γ · F n , Lemma 2.27 implies that n = 1 and that there exists a point p ∈ F 1 (k) \ S 1 such that m p (Γ) > Γ · S 1 . Again, this point is a k-point, since C is k-isomorphic to A 1 . This contradicts the conditions (2) of Lemma 2.16.
Remark 2.29. If the field k is perfect, then every curve that is geometrically isomorphic to A 1 (i.e. over k) is also isomorphic to A 1 . This can be seen by embedding the curve in P 1 and looking at the complement point, necessarily defined over k. For non-perfect fields, there exist closed curves C ⊂ A 2 geometrically isomorphic to A 1 but not isomorphic to A 1 (see [Rus70] ). Corollary 2.23 shows that every open embedding A 2 \ C ֒→ A 2 extends to an automorphism of A 2 for all such curves.
We can now finish the section by proving Theorem 1:
Proof of Theorem 1. We recall the hypothesis of the theorem: we have a geometrically irreducible closed curve C ⊂ A 2 and an isomorphism ϕ :
Assume that ϕ does not extend to an automorphism of A 2 . (1): If C is isomorphic to A 1 , then Proposition 2.28(a) shows that C is equivalent to a line and Lemma 2.13(2) implies that the same holds for D. In particular, the curves C and D are isomorphic.
If C is isomorphic to A 1 \ {0} then so is D by Corollary 2.23. ]) for some polynomials P, Q ∈ k[t] without square factors having the same number of roots in k, and having also the same number of roots in the algebraic closure of k.
Families of different embeddings given by sections of line bundles
3.1. A construction using elements of SL 2 (k[y]). As we observed in Lemma 2.16 and its applications, the curves of A 2 given by
for some coprime polynomials a, b ∈ k[y], a = 0 (where we can always assume that deg b < deg a), yield a natural family which plays an important role. We study this family here. Recall that such curves are equivalent to a line if and only a(y) is a constant (Lemma 2.16(i)-(ii)), which is a case already treated in Lemma 2.13. We can thus assume that deg(a) ≥ 1, and thus that deg(b) ≥ 0 (i.e. that b = 0) since the polynomial a(y)x + b(y) has to be irreducible. The curves C and D of Lemma 3.1 are always isomorphic, but are in general not equivalent, as we now prove. 
Proof. The proof of (1) is given by
where the last equality comes from the fact that a, b ∈ k[y] are coprime (since C is irreducible), so there exist c, d ∈ k[y] with ad − bc = 1, which implies that
To prove (2), we first observe that ifã(y) = λ · a(αy + β) andb(y) = µ · b(αy + β) for some α, λ, µ ∈ k * , β ∈ k, then the automorphism (x, y) → (
Conversely, we assume the existence of ϕ ∈ Aut(A 2 ) that sends D onto C and want to find α, λ, µ ∈ k * , β ∈ k as above. Writing ϕ as (x, y) → (f (x, y), g(x, y)) for some f, g ∈ k[x, y], one gets
This shows in particular that deg a = degã, whence degb < deg a(g). Since deg(b(g)) < deg a(g), we find that s = 0, and thus thatb = µ · b(g), as desired. This ends the proof, by choosing λ = µγ.
(ii) It remains to study the case where g / ∈ k[y], which corresponds to deg x (g) ≥ 1 and
. Equation (A) shows that this degree is 1, and since deg(a) ≥ 1, we find deg(a) = 1. Similarly, the automorphism sending C to D satisfies the same condition, so deg(ã) = 1. This implies that b,b ∈ k * . There exist thus some α, λ, µ ∈ k * , β ∈ k such thatã(y) = λ · a(αy + β),b(y) = µ · b(αy + β).
Corollary 3.3. For each polynomial f ∈ k[t] of degree ≥ 1, there exist two closed curves C, D ⊂ A 2 both isomorphic to Spec(k[t,
1 f ]), but not equivalent, such that A 2 \C ≃ A 2 \D. Moreover, the set of such pairs of closed embeddings, up to equivalence, is infinite.
Proof. We choose an irreducible polynomial b ∈ k[t] which does not divide f . We then choose, for each n ≥ 1 such that deg( 
, we find that deg c > deg b, which implies that C n and D n are not equivalent (Lemma 3.2(2)). Moreover, the curves C n are all non-equivalent, again by Lemma 3.2(2).
Curves isomorphic to A
1 \ {0}. We consider now families of curves of A 2 of the form xy d + yP (y) + 1 = 0 for some d ≥ 1 and some polynomial P ∈ k[y] (which can be chosen to be of degree ≤ d − 2). Note that all these curves are isomorphic to Spec(k[t, There exist then f m ∈ k[x, y] and λ ∈ k that give an isomorphism 
which is a birational morphism ψ R : A 2 → A 2 , that contracts the line L y ⊂ A 2 given by y = 0 onto the point (1, 0), and induces an automorphism of A 2 \ L y . Indeed, the inverse
restricts to an automorphism of k[x, y, 
(this does not depend on the choice of Q). It remains to see that the choice of Q implies that ψ m extends to an isomorphism A 2 \ C P ≃ −→ A 2 \ C Q of the desired form. Since Q satisfies Equation (B), we find
for some λ ∈ k. We then compute ψ(x, y), and find
which can be written, using Equation (C), as
. This shows that ψ m restricts to the automorphism x → x + λ on L y and then restricts to an isomorphism A 2 \ C P ≃ −→ A 2 \ C Q of the desired form, achieving the proof of (1).
To prove (2), we observe that, since x+λ+yf m (x, y) ≡ x+λ (mod y), the polynomial x + λ + yf m (x, y) is not divisible by xy d + yP (y) + 1. In particular, applying any automorphism of A 2 to ψ m , we cannot decrease the degree of the denominators, and thus do not get any ψ m ′ , for m ′ < m.
Remark 3.5. Geometrically, the construction of Lemma 3.4 can be interpreted as follows: the birational morphism ϕ P : (x, y) → (xy d + yP (y) + 1, y) contracts the line y = 0 onto the point (1, 0). If n = 1 then ϕ P just sends the line onto the exceptional divisor of (1, 0). If n ≥ 2, it sends the line onto the exceptional divisor of a point in the (n − 1)-th neighbourhood of (1, 0). The coordinates of these points are determined by P . The fact that τ : (x, y) → (x, x m y) contracts x = 0 implies that ψ m contracts the curve xy d + yP (y) + 1 = 0. Moreover, τ fixes the point (1, 0) and induces a local isomorphism around it, so acts on the set of infinitely near points. This action changes the polynomial P and replaces it with another one, which is the polynomial Q provided by Lemma 3.4. Proof. It suffices to choose the curve C i given by xy i+2 +y+1, for each i ≥ 2. These curves are all isomorphic to A 1 \ {0} (Lemma 3.2(1)) and are pairwise not equivalent, under automorphisms of A 2 (Lemma 3.2(2)). The existence of infinitely many open embeddings A 2 \ C ֒→ A 2 , up to automorphisms of A 2 , is then provided by Lemma 3.4.
One can compute the polynomial Q provided by Lemma 3.4, in terms of P , m and d, and find explicit formulas. We find in particular the following result:
Lemma 3.7. For each µ ∈ k, we denote by C µ ⊂ A 2 the curve given by xy 3 + µy 2 + y + 1 = 0.
Then, there exists an isomorphism
In particular, if char(k) = 0, we obtain infinitely many closed curves of A 2 , not equivalent under automorphism of A 2 , which have isomorphic complements.
Proof. To get the isomorphism A 2 \ C µ → A 2 \ C µ−1 , it suffices to apply Lemma 3.4 with d = 3, P = µy + 1, m = 1, and check that Q = (µ − 1)y + 1. One needs to see that
(see Equation (B) in Lemma 3.4). Indeed, one finds, since yP (y) ≡ y (mod y 2 ), that
To get the last statement, one assumes that char(k) = 0 and observes that the affine surfaces A 2 \ C n are all isomorphic for each n ∈ Z. To show that the curves C n , n ∈ Z are pairwise non-equivalent, we apply Lemma 3.2(2): for m, n ∈ Z, the curves C m and C n are equivalent only if there exist α, λ, µ ∈ k * , β ∈ k such that
The first equality yields β = 0, which yields, together with the second equation my 2 + y + 1 = µ · (nα 2 y 2 + αy + 1), so µ = 1, α = 1 and thus m = n, as we wanted.
If char(k) = p > 0, Lemma 3.7 only gives p non-equivalent curves having the same complement. We can get more curves applying Lemma 3.2 to polynomials of higher degree:
Lemma 3.8. For each integer n ≥ 1 there exist curves C 1 , . . . , C n ⊂ A 2 , all isomorphic to A 1 \ {0}, no two being equivalent, such that all surfaces
Proof. The case where char(k) = 0 is provided by Lemma 3.7 so we can assume that
Actually, the coefficients of P i are inductively determined: Setting y = 0 in (D), we get P i (0) = 1; assuming that the first m coefficients u 0 , . . . , u m−1 of
which determines u m in terms of u 0 , . . . , u m−1 . In particular, for m = p i , we have
showing that P i = 1 + y p i + (terms of higher order). In fact, we could show that
where the sum is taken over all odd integers k satisfying 0 ≤ ki ≤ n, but we will not need this result. As in Lemma 3.4, for each polynomial P ∈ k[x], denote by C P ⊂ A 2 the closed curve given by the equation
By Lemma 3.4(1) applied with (P, Q) = (P i , 1) and m = p i , the curves C P i and C 1 of A 2 have isomorphic complements. To show that the curves C P i , 1 ≤ i ≤ n are pairwise non-equivalent, we apply Lemma 3.2(2): for i, j ∈ {1, . . . , n}, the curves C P i and C P j are equivalent only if there exist α, λ, µ ∈ k * , β ∈ k such that
The first equality yields β = 0. Replacing in the second equation, we get yP j (y) + 1 = µ αyP i (αy) + 1 , which is equivalent to µ = 1 and P j (y) = αP i (αy). Setting y = 0, this gives us α = 1. Therefore, we get P j = P i , so that i = j, as we wanted.
The proof of Theorem 2 is now finished:
Proof of Theorem 2. Part (1) corresponds to Corollary 3.6. Part (2) is given by Corollary 3.7 (char(k) = 0) and Lemma 3.8 (char(k) > 0). Part (3) corresponds to Corollary 3.3.
4. Non-isomorphic curves with isomorphic complements 4.1. A geometric construction.
Proposition 4.1. Let d ≥ 3 be an integer, let Γ ⊂ P 2 be a cuspidal curve of equation
(for some homogenous polynomial P d of degree d, not multiple of y), singular at q 1 = [0 : 0 : 1] ∈ P 2 (k), let ∆, L be two lines of P 2 such that L ∩ Γ = {p 1 , q 1 } for some point p 1 ∈ P 2 (k) \ {q 1 }, and assume that ∆ does not pass through p 1 nor q 1 . Denoting by π : X → P 2 the birational morphism given by the blow-up of p 1 , q 1 , followed by the blow-up of the points p 2 , . . . , p d−1 and q 2 , . . . , q d infinitely near p 1 and q 1 respectively and all belonging to the strict transform of Γ, and denoting byΓ,∆,L, E 1 , . . . , E d−1 , F 1 , . . . , F d ⊂ X the strict transforms of Γ, ∆, L and of the exceptional divisors of p 1 , . . . , p d−1 ,q 1 , . . . , q d we obtain that the two surfaces
Moreover, the situation on X is given as follows,
where all curves are isomorphic to P 1 , all intersections indicated are transversal in exactly one k-point, except forΓ∩∆, which can be more complicated (the picture just shows the case where we get 3 points with transversal intersection), and where the numbers indicated are the self-intersections. The curveR is the strict transform of the line R of equation y = 0 (tangent to Γ at q 1 ).
In particular, this construction provides an isomorphism Proof. Blowing up the singular point q 1 of Γ, the strict transform is isomorphic to P 1 and intersects the exceptional divisor in one point (corresponding to the tangent direction given by the line R), being tangent of the order d − 1. Hence, all points q 2 , . . . , q d belong to the strict transform of the exceptional divisor of q 1 . This gives the self-intersections of F 1 , . . . , F d and their configurations, as in the above diagram. As p 1 is a smooth point of Γ, the curves E 1 , . . . , E d−1 form a chain of curves as above. The rest of the diagram is checked by looking at the definitions of the curves ∆, Γ, L, R.
Let us write
F i . In order to prove the result, one only needs to show the existence of isomorphisms
Indeed, the existence of ψ 1 , ψ 2 implies that A 2 \ C and A 2 \ D are isomorphic, and that C and D are respectively isomorphic toΓ \ (B ∪∆) and∆ \ (B ∪Γ). The morphism π gives then isomorphisms of these curves with Γ \ (∆ ∪ {q}) and ∆ \ (Γ ∪ L) respectively.
We first show that ψ 1 exists. We observe that since π is the blow-up of 2d−1 k-points, the Picard group of X is of rank 2d, over k and over its algebraic closure k. We contract the curves F 1 , . . . , F d and obtain a smooth projective surface Y of Picard rank d − 1 (again over k and k). The configuration of the image of the curves E 1 , . . . , E d−1 ,L,Γ is then as follows (we omit to write the curveR as we will not need it):
2 , we construct a birational mapψ 1 : Y P 2 which restricts to an isomorphism
We now describe this map more precisely. We blow up the point r 1 =∆ ∩L ∈ X and then d − 1 infinitely near points, all belonging to the exceptional curve of r 1 , the first one on∆, and obtain a birational morphism θ : Z → Y and the following configuration on Y (we again use the same name for a curve on X and its strict transform on Z, and denote by G i ⊂ Z the strict transform of the exceptional divisor of r i ):
−1
. . .
, G 1 and obtain a birational morphism ρ : Z → P 2 (the image of the target is P 2 because it has Picard rank 1). The birational mapψ 1 : Y P 2 given byψ 1 = ρθ −1 is the desired birational map. The closure of C ⊂ A 2 in P 2 is then equal to the image of Γ by ρ. The multiplicities at the points where the curves above are contracted are then d for∆, G 2 , . . . ,
2 , which implies that the curve has degree d 2 − d + 1. The case of ψ 2 is similar, as the diagram is symmetric.
Corollary 4.2. For each polynomial P ∈ k[t] of degree d ≥ 1 and each λ ∈ k with P (λ) = 0, there are two closed curves C, D ⊂ A 2 of degree d 2 − d + 1 such that A 2 \ C and A 2 \D are isomorphic and such that C ≃ Spec(k[t,
, which is a homogeneous polynomial of degree d, such that P d (x, 1) = P (x). We then choose Γ, ∆, L ⊂ P 2 to be the curve given by the following equations Since Γ \ {q} is isomorphic to A 1 via t → [t : 1 :
We then take the isomorphism A 1 → ∆\L = ∆\{[λ : 1 : 0]} given by t → [λt+1 : t : 0]. The pull-back of ∆ ∩ Γ corresponds to the zeroes of Proof. We apply Corollary 4.2 with P = d i=1 (t − µ i ) and get two closed curves C, D ⊂ A 2 such that A 2 \ C and A 2 \ D are isomorphic and such that C ≃ Spec(k[t,
Corollary 4.4. If k is infinite and P ∈ k[t] is a polynomial having at least 3 roots in k, then Spec(k[t,
and λ ∈ k is a general element.
In particular, we can find two curves C, D ⊂ A 2 having isomorphic complements, such that C is isomorphic to Spec(k[t,
Proof. Let λ 1 , . . . , λ d ∈ k be the single roots of P . It is enough to check that for a general λ, there exists no automorphism of
, ∞}, or equivalently no automorphism sending {λ 1 , . . . , λ d , ∞} to {λ 1 , . . . , λ d , λ}. An automorphism of P 1 being determined by the image of 3 points, the set A of automorphisms ϕ such that ϕ −1 ({λ 1 , λ 2 , λ 3 }) ⊂ {λ 1 , . . . , λ d , ∞} has at most 6 Remark 4.5. If k is a finite field (with at least 3 elements), then the above result is false, by taking P = α∈k (x−α). Indeed, if C, D ⊂ A 2 are two curves such that C is isomorphic to Spec(k[t,
]) for some polynomial Q without square factors having the same number of roots in k and in k as P (Theorem 1(2) ). This implies that Q is equal to µP for some µ ∈ k * and thus that C and D are isomorphic.
A similar argument holds for P = α∈k * (x − α) and P = α∈k\{0,1}
(x − α) (when the field has at least 4, respectively 5 elements).
Corollary 4.6. For each ground field k having more than 27 elements, one gets two geometrically irreducible curves C, D ⊂ A 2 of degree 7 which are not isomorphic but such that A 2 \ C and A 2 \ D are isomorphic.
Proof. We fix some ζ ∈ k \ {0, 1}. For each λ ∈ k \ {0, 1, ζ}, one can apply Corollary 4.3 with d = 3, µ 1 = 0, µ 2 = 1, µ 3 = ζ and get two closed curves C, D ⊂ A 2 such that , so one gets at most 24 automorphisms to avoid, hence at most 24 elements of k \ {0, 1, ζ} to avoid. The field k having at least 28 elements, we find at least one λ having the right property.
We can now give the proof of Theorem 3.
Proof of Theorem 3. If the field is infinite (or simply more than 27 elements), it follows from Corollary 4.6. Let us therefore assume that k is a finite field. We again apply Corollary 4.2 (with λ = 0). Therefore, if |k| > 2 (resp. |k| = 2), it is enough to give a polynomial P ∈ k[t] of degree 3 (resp. 4) such that P (0) = 0 and such that if we set Q := P ( 1 t )t deg P , then the k-algebras k[t,
1 P ] and k[t,
1 Q ] are not isomorphic. We begin with the case where the characteristic of k is odd. Then, the kernel of the morphism of groups k * → k * , x → x 2 is equal to {−1, 1}, so that this map is not surjective. Let us pick an element α ∈ k * \ (k * ) 2 . Let us check that we can take P = (t − 1)((t − 1) 2 − α). Indeed, up to a multiplicative constant, we have Q = (t − 1)((t − 1) 2 − αt 2 ). Let us assume by contradiction that the algebras k[t,
] are isomorphic. Then, these algebras would still be isomorphic if we replace P and Q byP
This would yield an automorphism of P where µ ∈ k * . The polynomial u 2 − αv 2 has to be sent to u 2 − α(u + v) 2 , which is not possible because of the term uv.
We now handle the case where k has characteristic 2. We divide into three cases, depending wether the cube homomorphism of groups k * → k * , x → x 3 is injective or not (which corresponds to ask if 4 divides |k| or not), and putting the field with two elements apart.
If the cube homomorphism is not surjective, we can pick an element α ∈ k * \ (k * ) 3 . Let us check that we can take the irreducible polynomial P = t 3 − α ∈ k[t]. Indeed, up to a multiplicative constant, we have Q = t 3 − α −1 . Let us assume by contradiction that the algebras k[t,
] are isomorphic. Then, there should exist constants λ, µ, c ∈ k with λc = 0 such that
This gives us µ = 0 and λ 3 = c = α 2 . The square homomorphism of groups k * → k * , x → x 2 being bijective, there is a unique square root for each element of k * . Taking the square root of the equality α 2 = λ 3 , we obtain α = (ν) 3 , where ν is the square root of λ. This is impossible since α was chosen not to be a cube.
If the cube homomorphism is surjective, then 1 is the only root of t 3 − 1 = (t − 1)(t 2 + t + 1), so t 2 + t + 1 ∈ k[t] is irrreducible. If moreover k has more than 2 elements, we can choose α ∈ k \ {0, 1} and take P = (t − α)(t 2 + t + 1). Up to a multiplicative constant, we have Q = (t − α −1 )(t 2 + t + 1). Let us assume by contradiction that the algebras k[t,
] are isomorphic. Then, these algebras would still be isomorphic if we replace P and Q bỹ
This would yield an automorphism of P 1 , via the embedding t → [t : 1], which sends the polynomial uv(u 2 + uv + (α 2 + α + 1)v 2 ) onto uv(u 2 + uv + (α −2 + α −1 + 1)v 2 ). The same argument as before yields α 2 + α + 1 = α −2 + α −1 + 1, i.e. α 2 + α + 1 = α −2 (α 2 + α + 1). This is impossible since α 2 + α + 1 = 0 and α 2 = 1. The last case is when k = {0, 1} is the field with two elements. Here the construction does not work with polynomials of degree 3: the only ones which are not symmetric and do not vanish in 0 are t 3 + t 2 + 1 and t 3 + t + 1, which are equivalent via t → t + 1. We then choose for P the irreducible polynomial P = t 4 + t + 1 (it has not root and is not equal to (t 2 + t + 1) 2 = t 4 + t 2 + 1). This gives Q = t 4 + t 3 + 1. Let us assume by contradiction that the algebras k[t, 
F i , and ψ 1 , ψ 2 are given by blow-ups and blow-downs, so it is possible to explicit ψ i π −1 : P 2 P 2 with formulas (looking at the linear systems), and then get the isomorphism
are however quite complicated. Another possibility can be done as follows: we choose a birational morphism X → W that contractsL, E 1 , . . . , E d−2 and F d , . . . , F 2 onto two smooth points of W , passing through the image of F 1 (possible, see Diagram (E)). The situation of the image of the curvesR, E d−1 , F 1 ,Γ,∆ (that we again denote by the same name) in W is as follows:
F1R
Computing the dimension of the Picard group, one finds that W is a Hirzebruch surface. Hence, the curves E d−1 ,R are fibres of a P 1 -bundle W → P 1 and F 1 ,∆,Γ are sections of self-intersection d−2, d, d. One can then find plenty of examples in F 1 and F 0 (depending on the parity of d) but also in F m for m ≥ 2 if the polynomial chosen at the beginning is special enough.
The case where d = 3 corresponds to curves of degree 7 in A 2 (Proposition 4.1) which is the first interesting case, as it gives non-isomorphic curves for almost each field (Theorem 3). When d = 3, one finds that F 1 is a section of self-intersection 1 in W = F 1 , so F 1 \ F 1 is isomorphic to the blow-up of A 2 at one point, andΓ,∆ are sections of selfintersecion 3 and are thus strict transforms of parabolas passing through the point blown up. This explains how the following result is derived from Proposition 4.1. However, the result can also be read independently of Proposition 4.1, since the proof that we give does not use the rest of the article:
Proposition 4.7. Let us fix some a 0 , a 3 ∈ k * , a 1 , a 2 ∈ k, which define two irreducible polynomials P, Q ∈ k[x, y] of degree 2 given by
(1) Denoting by η :Â 2 → A 2 the blow-up of the origin and writingΓ,∆ ⊂Â 2 the strict transforms of the curves Γ, ∆ ⊂ A 2 given P = 0 and Q = 0, the rational maps
, Q(x, y) are birational maps that induce isomorphisms
(2) We then get an isomorphism ψ :
are given by f = 0 and g = 0, where f, g ∈ k[x, y] are:
The curves C, D are isomorphic to Spec(k[t, 
Proof.
(1): Let us first prove that ϕ P is birational and that ϕ P η induces an isomorphismÂ
, y) is birational, so ϕ P is birational. Since κ fixes the origin, η −1 κη is an automorphism ofÂ 2 , that sendsΓ onto the strict transformL Y ⊂Â 2 of L Y . The fact thatφ P η induces an isomorphismÂ 2 \L X ≃ −→ A 2 can be checked in local coordinates, and corresponds to the classical local description of a blow-up as (x, y) → (xy, y). This yields (1), the case of ϕ Q and ϕ Q η being done similarly, with (x, y) → (y 2 + a 0 x + a 1 y, y). (2): Now that (1) is proven, one gets two isomorphisms
is given by x(x − a 2 ) = a 3 y, we have an isomorphism
Replacing ρ(t) in the equation Q(x, y) = xa 0 + ya 1 + y 2 of ∆, one finds Q(ta 3 + a 2 , t(ta 3 + a 2 )) = (ta 3 + a 2 )(t 3 a 3 + t 2 a 2 + ta 1 + a 0 ).
The root of ta 3 + a 2 corresponds to the point sent on (0, 0), blown up by η. Hence,
one can give explicitly θ and its inverse:
Computing the extension of θ to a morphism P 1 → P 2 , one sees that the curve C ⊂ A 2 has degree 7. To get its equation, we can compute
2 a 3 y, one gets
yields the equation of C (note that the polynomial y = 0 appears here because it corresponds to the line contracted by (ψ Q ) −1 , corresponding to the exceptional divisor ofÂ 2 → A 2 via the isomorphism A 2 →Â 2 \∆ ). The linear involution of A 2 given by (x, y) → (−y, −x) exchanges the polynomials P and Q and the maps ψ P and ϕ Q , by replacing a 0 , a 1 , a 2 , a 3 with a 3 , a 2 , a 1 , a 0 respectively. This shows that D ⊂ A 2 has equation g = 0 where
and is isomorphic to Spec(k[t,
. It remains to compute the isomorphism ψ : A 2 \ C → A 2 \ D, which is by construction equal to the birational maps ψ P (ψ Q )
, xy) = yf (x, y), one gets:
, P ( Corollary 5.2. For each ground field k and each integer n ≥ 3, there exist two geometrically irreducible smooth closed hypersurfaces E, F ⊂ A n which are not isomorphic but whose complements A n \ E and A n \ F are isomorphic. Furthermore, the hypersurfaces can be given by polynomials f, g ∈ k[x 1 , x 2 ] ⊂ k[x 1 , . . . , x n ] of degree 7 if the field admits strictly more than 2 elements and of degree 13 if the field has 2 elements. The hypersurfaces E, F are isomorphic to C × A n−2 and D × A n−2 for some smooth closed curves C, D ⊂ A 2 of the same degree.
Proof. It suffices to choose for f, g the equations of the curves C, D ⊂ A 2 given by Theorem 3. The result then follows from Lemma 5.1. Corollary 5.4. For each n ≥ 2, there are algebraic hypersurfaces H 1 , H 2 ⊂ C n which are complex manifolds, not biholomorphic but having biholomorphic complements.
Proof. It suffices to take polynomials f, g ∈ C[x 1 , x 2 ] provided by Lemma 5.3, whose zero sets are smooth algebraic curves C, D ⊂ C 2 not biholomorphic but having holomorphic complements. We then use the same polynomials to define H 1 , H 2 ⊂ C n , which are smooth complex manifolds having biholomorphic complements and being biholomorphic to C ×C n−2 and D×C n−2 respectively. It remains to observe that C ×C n−2 and D×C n−2
are not biholomorphic. Denote by p C : C × C n−2 → C and p D : D × C n−2 → D the projections on the first factor. If ψ : C n−2 × C → C n−2 × D is a biholomorphism, then p D • ψ : C n−2 ×C → D induces, for each c ∈ C, a holomorphic map C n−2 → D which has to be constant by Picard's theorem (since it avoids at least two values of C). Therefore, the map p D • ψ factors through a holomorphic map χ : C → D: we have p D • ϕ = χ • p C .
We get analogously a holomorphic map θ : D → C, which is by construction the inverse of χ, so C and D are biholomorphic, a contradiction.
Appendix: The case of P
2
In this appendix, we describe some results on the question of complements of curves in P 2 explained in the introduction. These are not directly related to the rest of the text and only serve as comparison with the affine case.
We recall the following simple argument, known to specialists, for lack of reference:
Lemma 5.5. Let C, D ⊂ P 2 be two geometrically irreducible closed curves such that P 2 \ C and P 2 \ D are isomorphic. If C and D are not equivalent, up to automorphism of P 2 , then C and D are singular rational curves.
Proof. Denote by ϕ : P 2 P 2 a birational map which restricts to an isomorphism from P 2 \ C to P 2 \ D. If ϕ is an automorphism of P 2 , then C and D are equivalent. Otherwise, the same argument as in Lemma 2.7 shows that both C and D are rational (this also follows from [Bla09, Lemma 2.2]). If C and D are singular, we are finished, so we can assume that one of them is smooth, and then has degree 1 or 2. The Picard group of P 2 \ C being Z/ deg(C)Z, one finds that C and D have the same degree. This implies that C and D are equivalent under automorphisms of P 2 . The case of lines is obvious. For conics, it is enough to check that a rational conic over any field is necessarily equivalent to the conic of equation xy+z 2 = 0. Actually, one may always assume that the rational conic contains the point [1 : 0 : 0], since it contains a rational point. One may furthermore assume that the tangent at this point has equation y = 0. This means that the equation of the conic is of the form xy +u(y, z), where u is a homogenous polynomial of degree 2. Using a change of variables of the form (x, y, z) → (x + ay + bz, y, z), where a, b ∈ k, one may assume that the equation is of the form xy + cz 2 = 0, where c ∈ k * . Then, using the change of variables (x, y, z) → (cx, y, z), one finally gets, as announced, the equation xy + z 2 = 0.
In order to get families of (singular) curves of P 2 having the same complement, we explicit here the construction of Paolo Costa [Cos12] , that provides examples of unicuspidal curves of P 2 having isomorphic complements but being non-equivalent under the action of Aut(P 2 ). We provide equations and give the details of the proof for self-containedness, and because the results below are not explicitly stated in [Cos12] .
Lemma 5.6. To each homogeneous polynomial P ∈ k[x, y] of degree d ≥ 1, one associates a homogeneous irreducible polynomial f P ∈ k[x, y, z] of degree 4d + 1:
and defines C P ⊂ P 2 and V P ⊂ A 3 to be the varieties given by f P = 0 (note that V P is the cone over C P ). We also denote by L, Q ⊂ P 2 the curves of equation z = 0 and xz −y 2 = 0 and by V L , V Q ⊂ A 3 their corresponding cones (given by the same equations).
(1) For each homogeneous P ∈ k[x, y], the rational map ψ P given by ψ P : (x, y, z) → x, y + xP ( x 2 xz − y 2 , 1), z + 2yP (
xz − y 2 , 1) + x(P (
xz − y 2 , 1)) 2 is a birational map of A 3 that restricts to isomorphisms
In particular, since ψ P is homogeneous, the same formula induces a birational map of P 2 that restricts to isomorphisms
(2) For each λ ∈ k * , the rational map ϕ λ : (x, y, z) → x + (λ − 1) xz − y 2 z , y, z is a birational map of A 3 that restricts to automorphisms of
The same formula yields then automorphisms of P 2 \ L, Q \ L and P 2 \ (L ∪ Q). (3) For each λ ∈ k * and each homogeneous polynomial P ∈ k[x, y], the rational map κ = (ψP ) −1 ϕ λ ψ P restricts to an isomorphism A 3 \ V P ≃ −→ A 3 \ VP , withP (x, y) = P (λx, y). In particular, κ also induces an isomorphism P 2 \ C P ≃ −→ P 2 \ CP . (4) For each P ,P ∈ k[x, y], the curves C P and CP are equivalent, up to automorphism of P 2 , if and only if there exists ρ ∈ k * , µ ∈ k such thatP (x, y) = ρP (xρ 2 , y) + µy deg P .
(1): The rational map ψ P corresponds to a k-endomorphism (ψ P ) * of k(x, y, z) that sends x, y, z onto x, y + P ( xz−y 2 , 1)) 2 z. One observes that (ψ P )
* fixes x and xz − y 2 . In particular, (ψ P ) * • (ψ −P ) * = id, so ψ P is a birational map of A 3 and is moreover an isomorphism of A 3 \ V Q , because (ψ P ) * (xz − y 2 ) = xz − y 2 and since the coordinates of ψ P have only denominators which are powers of xz − y 2 . One then observes that (ψ P ) * (z) = f P (xz−y 2 ) 2d , so ψ P restricts to an isomorphism V P \ V Q ≃ −→ V L \ V Q . This implies that V P and C P are rational, and that f P is geometrically irreducible, and also that ψ P restricts to an isomorphism
As ψ P is homogeneous, one gets the analogous results for P 2 , Q, L, C P . (2): One checks that ϕ λ • ϕ λ −1 = id, so ϕ λ is a birational map of A 3 , which restricts to an automorphism of A 3 \ V L , since the denominators only involve z. Moreover, (ϕ λ ) * (xz − y 2 ) = λ(xz − y 2 ) (defining (ϕ λ,θ ) * similarly as before), so the surface V Q \ V L is preserved, hence ϕ λ restricts to automorphisms of A 3 \ V L , V Q \ V L and A 3 \ (V L ∪ V Q ). Since ϕ λ is homogeneous, the same formula yields then automorphisms of P 2 \ L, Q \ L and P 2 \ (L ∪ Q). (3): By (1)-(2), κ = (ψ Q ) −1 ϕψ P restricts to an isomorphism
, for all homogeneous polynomials P,P ∈ k[x, y]. We then chooseP asP (x, y) = P (λx, y) and prove that κ restricts in this case to an isomorphism A 3 \ V P ≃ −→ A 3 \ VP , by proving that the restriction of κ yields the identity automorphism on V Q \ V P = V Q \ VP = V Q \ V L . We compute ϕ λ ψ P (x, y, z) = x + (λ − 1) (xz − y 2 ) 2d+1 f P (x, y, z) , y + x P (x 2 , xz − y 2 ) (xz − y 2 ) d , f P (xz − y 2 ) 2d
and [x : y : z] → [xz − y 2 : z 2 ], which have distinct base-points. Hence, (G) implies that s is a linear map such that s * (y) = ρy for some ρ ∈ k * which satisfies ρ 2 = ν = ξ, which yields s : (x, y, z) → (x, ρy, ρ 2 z).
Note that the equation ψP α = sψ P yields αψ −P = ψ −P s. Since the denominators of the three coordinates of ψ −P s have increasing degrees, and the same holds for ψ −P , for the same degrees, one obtains that α is triangular. Since α * (x) = x and α * (xz − y 2 ) = ν(xz − y 2 ) = ρ 2 (xz − y 2 ), we find that α is of the form α : (x, y, z) → (x, ay − µx, a 2 z − 2aµy + µ 2 x)
for some a ∈ k * , µ ∈ k, with a 2 = ν. The second coordinate of ψP α = sψ P is equal to (ay − µx) + xP ( x 2 a 2 (xz − y 2 ) , 1) = (ψP α) * (y) = (sψ P ) * (y) = ρ(y + xP ( x 2 xz − y 2 , 1)) which yields a = ρ andP ( , 1) = ρP ( , 1) + µ, which is equivalent toP (x, y) = ρP (ρ 2 x, y) + µy deg P , as we wanted.
The construction of Lemma 5.6 yields, for each d ≥ 1, families of curves of degree 4d + 1 having the same complement. These are equivalent for d = 1, at least when k is algebraically closed (Lemma 5.6(4)), but not for d ≥ 2. One can now easily provide explicit examples:
Corollary 5.7. Let d ≥ 2 be an integer, and let P = x d + x d−1 y ∈ k[x, y]. All curves of P 2 given by z(xz − y 2 ) 2d + 2yP (λx 2 , xz − y 2 )(xz − y 2 ) d + x(P (λx 2 , xz − y 2 )) 2 for λ ∈ k * , have the same complement and are pairwise not equivalent, up to automorphism of P 2 .
Proof. The curves correspond to the curves C P (λx,y) of Lemma 5.6 and have thus isomorphic complements by Lemma 5.6(3). It remains to show that if C P (λx,y) is equivalent to C P (λx,y) , then λ =λ. Lemma 5.6(3) yields the existence of ρ ∈ k * , µ ∈ k such that P (λx, y) = ρP (ρ 2 λx, y) + µy d . Since d ≥ 2, both P (λx, y) and ρP (xρ 2 λ, y) do not have component with y d , so µ = 0. We then compare the coefficients of x d and x d−1 y and get
which yieldsλ = ρ 2 λ, soλ d = (ρ 2 λ) d , whence ρ = 1 andλ = λ as desired.
